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ABSTRACT
This study lays out a methodology whereby conditions necessary for a vortex ring to separate from the shear ﬂow can be identiﬁed by a
relationship between characteristic velocities of the jet and the vortex ring along the axis of symmetry. This criterion identiﬁes pinch-off to
take place when the velocity induced at the origin of the forming vortex ring surpasses the maximum feeding velocity along the centerline,
deﬁned to be twice the piston velocity. A strategy for determining these characteristic velocities purely from the jet driving programs (i.e.,
without direct knowledge of the state of the leading vortex ring) is presented. A variety of jet driving conditions, including different nozzle
geometries (converging radial velocity) and different jet velocity programs, are examined to validate the relationship between pinch-off and
the characteristic velocities. These parameters are examined and adjusted independently of each other so that the effect of each jetting parameter can be observed independently. Nozzles which induce a converging radial velocity decrease the jet formation number to approximately
two (for nearly constant velocity programs), due to the large increase in vorticity ﬂux without increasing volume ﬂux. Accelerating the jet
velocity to compensate for the growing vortex ring substantially increases the formation number of both parallel and converging jet ﬂows.
The new centerline velocity criterion coincided very closely with vortex ring pinch-off for all cases tested, validating this criterion as a
predictive tool.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0033719
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I. INTRODUCTION
One of the most well studied and denotative aspects of vortex
ring formation is a phenomenon commonly referred to as “pinchoff.” This is a process where a forming vortex ring achieves a critical
state and separates from the remainder of the shear ﬂow feeding the
vortex ring’s growth. This phenomenon gained notoriety from a
classic paper by Gharib et al.1 In that study, vortex rings were generated experimentally using a piston-cylinder device and analyzed
using digital particle image velocimetry (DPIV). It was observed
that as ﬂuid continues to be ejected, the primary vortex ring grows
until it reaches a critical state and can no longer accept circulation
in its current arrangement, and “pinches off” from the trailing shear
ﬂow. It was observed that this phenomenon is closely related to a
dimensionless timescale termed the formation time. The formation
time is a measure of the time since initiation of the ﬂow normalized
by the piston velocity, up, and a characteristic length scale.
Formation time is deﬁned by Gharib et al.1 to be
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t ¼

up d~t

0

D

;

(1)

where D is the nozzle diameter, which is the characteristic length scale
for jets with static nozzles, and ~t is just a dummy variable for time t. A
circulation history of both the vortex ring and the total expelled jet
was extracted from the DPIV vorticity ﬁeld. Gharib et al. deﬁned the
formation number (which will be referred to by s in this paper) as the
formation time when the total jet circulation ﬁrst reached the ﬁnal
circulation of the separated vortex ring, and additionally showed that
jets generated with a variety of piston velocity programs, up ðtÞ, have a
nearly universal formation number falling between 3.6 and 4.2 for all
cases. However, more recent studies have called into question the
universality of the formation number as will be described shortly.
Vortex ring pinch-off is known to play an important role in an
abundance of both engineered and biological jet ﬂows. The formation
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number indicates a fundamental shift in the efﬁciency of squid and jellyﬁsh locomotion,2–8 and the nature of vortex ring formation serves as
a good indicator for cardiac health.9 Additionally, biologically inspired
pulsatile jet thrusters are observed to suffer losses when operating at
high frequencies with stroke ratios above the formation number.10
Therefore, understanding the physical mechanisms behind ring
pinch-off and being able to predict when it will occur while enhance
our understanding of jetting in multiple ﬁelds. Vortex rings in general
can be categorized based on the “thickness” of the vortex core relative
to the overall size of the ring.11,12 At one end of the spectrum is a vortex ring which is conﬁned to a circular vortex ﬁlament. As the thickness of the core increases relative to the toroidal radius, the core area
begins to shift from being perfectly circular to being weighted at the
edge closest to the ring’s central axis. A hypothetical maximum core
area is reached at the other end of the spectrum with Hill’s spherical
vortex, whose core area cross section is a semicircle with the straight
edge lying on the axis of symmetry.13 As formation time increases for
a jet ﬂow, the forming vortex ring at the leading edge grows with its
core area increasing relative to the overall size of the vortex ring.
Analysis by Mohseni and Gharib14 showed that the universal timescale
for pinch-off observed in Ref. 1 does not correspond to Hill’s spherical
vortex suggesting a limitation in piston-cylinder vortex generators at
creating “thick” vortex rings. They suggested that the formation number could be increased using a vortex generator that creates more
energy in the jet for the same impulse and circulation, which could be
accomplished by a vortex generator with a variable diameter nozzle or
accelerating velocity program.
The experimental studies of Gharib et al.1 were limited to starting
ﬂows with a fairly speciﬁc jet velocity proﬁle (variation of velocity in
the jet ﬂow with respect to radial position), despite the wide range of
piston velocity programs. Numerical simulations performed by
Rosenfeld et al.15 were not restricted by the limitations of a physical
vortex generator, and examined formation dynamics of jets with a
wide variety of axial velocity proﬁles, ranging from the top hat proﬁle
to the fully developed Poiseuille ﬂow. It was observed that jets formed
with a more parabolic velocity proﬁle separate at a lower formation
number, dropping as low as s ¼ 0:9 for a fully developed pipe ﬂow,
demonstrating that s can be altered by jet ﬂow characteristics.
However, all cases were limited to parallel starting jets, meaning that
at the entrance boundary there is no radial velocity and the streamlines
are parallel (similar to ﬂows created with piston-cylinder vortex generators). The rate of circulation added to the system was observed to be
drastically different for non-parallel jet ﬂows,16 and vortex rings created from converging jet ﬂows have formation numbers substantially
lower than parallel jets.17
Starting jet vortex ring formation was also examined by Mohseni
et al.18 in a numerical simulation where the starting jets (vortex rings)
were generated by applying non-conservative forces to the ﬂuid
directly in the equations of motion, rather than a prescribed set of
velocity proﬁles at the jet origin boundary. It was shown that the nondimensional energy of the ﬁnal vortex ring, which is inversely related
to relative vortex core thickness, could be decreased if the shear layer
was generated by expanding or accelerated forcing. Vortex rings generated with a background co-ﬂow were studied by Krueger et al.,19
exhibiting a decrease in formation number which was directly proportional to the ratio of jet velocity to co-ﬂow velocity. Dabiri and
Gharib20 present experimental data indicating an increase in
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formation number as high as s ¼ 8 for a converging nozzle diameter,
but do not directly account for the coupled acceleration of the shear
layer. A number of studies have also looked into vortex ring formation
in positively21 and negatively22 buoyant starting jets. Negatively buoyant jets produce interesting behavior; whereby, as the density differential increases so does the formation number and ring thickness,22 and
the vortex ring attains a maximum penetration depth.23,24 Eventually
the penetration depth becomes very small and there is no clear vortex
ring separation.25
Several studies have also tried to identify the underlying physical
causes of vortex ring pinch-off. It follows from the Kelvin–Benjamin
variational principle that the energy of steadily translating vortex rings
is maximized with respect to impulse preserving iso-vortical perturbations.26–28 Gharib et al.1 suggested that pinch-off is a direct manifestation of this principle whereby the energy required for the jet to attain
steady motion increases with increasing impulse and circulation until
it becomes equal to the jet energy and the vortex ring separates from
the remainder of the shear ﬂow. Mohseni and Gharib18 analytically
solved for the formation number utilizing this principle by equating
the forming vortex ring to a member of the Norbury family of vortex
rings,11,12,29,30 and using the 1D slug approximation to model the
circulation, impulse, and energy of the ejected jet.
Shusser and Gharib31 suggest that an equality between jet velocity
and vortex ring translational velocity should provide a good criterion
for vortex ring pinch-off, and equated this condition to the
Kelvin–Benjamin variational principle in Ref. 32. This analysis represented the Kelvin–Benjamin principle by the constraint that the
required energy for steady propagation must be less than the jet energy
or the vortex ring will pinch-off. This reduces to the constraint that
the non-dimensional energy, a ¼ E=C3=2 I 1=2 (where E is the kinetic
energy of the ring, C is the circulation, and I is the impulse1,14,33),
must be greater than some constant of proportionality, a  A, and the
constant, A, is heuristically assigned the value 0.33 which was seen to
be the limiting the non-dimensional energy of vortex rings in Ref. 1.
From a predictive standpoint, this criterion is no more useful than the
constrain L=D ⱗ 3:8, and in fact for parallel jets expelled
pwith
ﬃﬃﬃﬃﬃﬃﬃﬃ constant
piston velocity, these criteria are identical since a  p=2ðL=DÞ1
for that case. Furthermore, using a limiting non-dimensional energy to
deﬁne pinch-off makes the assumption that all vortex rings created
from starting jets will have the same non-dimensional energy, corresponding to a maximum core thickness well below that of the theoretical maximum. However, vortex rings with non-dimensional energy
below this heuristic limit have been formed in simulation by expanding the diameter of or accelerating the jet ﬂow18 and have been formed
experimentally with jets ejected through large aspect ratio slits.34
Therefore, a limiting non-dimensional energy cannot be used as an
effective tool in predicting pinch-off.
This study re-evaluates the kinematic pinch-off criterion presented by Shusser and Gharib32 and proposes another more robust criterion. This study also provides additional experimental data on the
formation number of converging jets to support the simulations of
Rosenfeld et al.17 and extends pinch-off criterion analysis to nonparallel starting jets. The paper also explicitly investigates the validity
of this new pinch-off criterion in cases where the jet forms a stable vortex ring with non-dimensional energy well below the a  0:33 limit.
Section II presents the general jet modeling scheme and clearly deﬁnes
both pinch-off criteria. The experimental setup is described in Sec. III.
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Section IV presents the experimental results; more speciﬁcally, the
validity of multiple velocity approximations is presented in Sec. IV A,
and Sec. IV B contains the formation number analysis for various jets.
II. FORMULATION
Consider a starting jet ﬂow as depicted in Fig. 1. The inherent
symmetry of the problem lends toward a cylindrical coordinate system
with positions r in the radial direction, x in the axial direction, at an
angle / about the x-axis, and velocity vector ~
u ¼ ½v; w; uT . The ﬂow
is assumed to be perfectly axisymmetric, @=@/ ¼ 0, with no swirl
w ¼ 0. The ﬂuid in the domain is assumed to start at rest, and a jet
ﬂow is initiated at the entrance plane, x ¼ 0, at time t ¼ 0. We deﬁne
the piston velocity to be the volume ﬂux across the nozzle exit plane,
 =pR2 , where R is the nozzle radius.
,
V over the nozzle area, up ¼ V
This deﬁnition is independent of the mechanism used for jet
pulsation.
A. Necessary conditions for pinch-off
In this section, the physical mechanism of vortex ring pinch-off
is brieﬂy described as well as a methodology for predicting when the
pinch-off will take place for any general starting jet ﬂow. Consider a
starting jet ﬂow which is still attached to the leading vortex ring as
depicted in Fig. 1. The shear tube, which extends into the domain with
the jet ﬂow, coils up at the free end starting the vortex ring formation
process. As the vortex ring grows, the self-induced velocity on the
spiraling shear layer increases, approaching the feeding velocity of the
starting jet. When the induced velocity surpasses the feeding velocity,
the trailing shear tube becomes unstable, and the shear layer crossing
the vortex boundary (vortex bubble) is driven toward the axis of symmetry under the induction of the vortex ring. Vorticity cancelation at
the axis of symmetry causes the shear layer in this region to break, separating the primary vortex ring from the trailing shear layer. Vorticity

FIG. 1. Diagram of vortex ring formation and important ﬂow characteristics.
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cancelation at the axis of symmetry was observed to be typical for thick
vortex rings in Ref. 18. The free end of the trailing shear layer rolls
into a secondary vortex ring and the primary vortex ring settles upon a
stable arrangement. The primary vortex ring quickly travels downstream out of range of the inﬂuence of the secondary slower moving
vortex ring, and the evolution of the ring becomes only dependent on
viscosity (refer to the work of Maxworthy35,36). This process is
depicted graphically in Fig. 2 where a diagram of the shear layer is
shown alongside actual vorticity contours at several representative
times during pulsation.
In order to model this process and predict jet formation number
for various driving conditions, we need to deﬁne a criterion which
coincides with the shear layer instability. Similar to the work of
Shusser and Gharib,32 we will use the relationship between a characteristic feeding velocity and a characteristic vortex ring velocity to
deﬁne this criterion; however, the important quantities will be treated
very differently and our analysis will not be restricted to speciﬁc nozzle
conﬁgurations, piston velocity programs, or nozzle radius programs.
The model of Shusser and Gharib suggested that an appropriate criterion for vortex ring pinch-off is when the propagation or translational
velocity of the primary vortex ring, Utr, surpasses the jet velocity driving the ﬂow, making corrections to the jet velocity based on

FIG. 2. At several characteristic times during pulsation, the evolution of the shear
layer is represented schematically on the left and actual corresponding vorticity
contours are shown to the right. The time is marked by the dimensionless formation
time. The vorticity contours were taken from a converging jet with a stroke ratio
L=D ¼ 2:4, and piston velocity of up  7 cm/s.
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conservation of mass ﬂux. We will refer to this as the SG
(Shuser–Gharib) criterion throughout this manuscript. We will demonstrate that this criterion does not exactly coincide with vortex ring
pinch-off because the translational velocity is considerably lower than
the velocity induced at the location where the shear tube interacts with
the forming vortex ring and shows that other choices for the characteristic vortex ring velocity are more appropriate. Alternatively, a velocity
criterion is proposed here which compares jet feeding velocity to the
velocity induced by the forming vortex at the axis of symmetry, where
separation of the shear tube occurs.
Here it should be noted that vortex ring pinch-off is not an
instantaneous event. Rather, it is a dynamic process whereby the leading vortex ring eventually settles upon a stable conﬁguration. The
“instant” associated with pinch-off can only be determined by equating the circulation of the ﬁnal stable ring to the time during formation
with equivalent circulation. Therefore, in order to deﬁne a criterion
corresponding to an instant where the feeding shear ﬂow becomes
destabilized, we will similarly compare the dynamically evolving
ring/jet ﬂow to an equivalent settled vortical distribution. If a leading vortex ring is allowed to settle, the resulting ring conﬁguration
can be uniquely deﬁned by the total circulation, impulse, and
kinetic energy. The velocities induced by this stable conﬁguration
will provide a maximum velocity that can be achieved in the forming ring if the entire jet was entrained within and provides an
accurate characteristic ring velocity up until pinch-off. The total
circulation, impulse, and energy of the jet ﬂow can be calculated
from the jet driving velocity and nozzle geometry, and will be used
as an equivalent stable vortex ring, from which the characteristic
vortex ring velocity will be determined.
Since the ﬂuid is assumed to be incompressible, inviscid, and axisymmetric, the rate at which circulation, hydrodynamic impulse, and
kinetic energy are created in the jet can be described in terms of the jet
velocity proﬁles along the entrance boundary (nozzle exit plane). A
method for determining these quantities was described in great detail
by Krieg and Mohseni,16 and therefore we will only summarize the
results here. The total rates of circulation, impulse, and energy added
to the system, as well as the pressure distribution along the entrance
plane are given by
ð R1
dC 1 2
dv
¼ u0 þ
(2a)
u dr;
dt
2
dx
0

ð R1 
dI
dv
¼ qp
2u2 r þ u r 2  v2 r dr;
(2b)
dt
dx
0

ð R1 
dE
2P
¼ qp
ur dr;
(2c)
u2 þ v2 þ
dt
q
0
ð R1
q
@v @v
PðrÞ ¼ P1  vðrÞ2 þ q
dr;
(2d)
u þ
2
@x
@t
r
where C, I, and E are the total circulation, impulse, and energy of the
jet, P, is the local pressure along the nozzle exit plane, P1 is the stagnation pressure, u0 is the axial jet velocity at the axis of symmetry, and
the surface integrals are all evaluated along the entrance plane (x ¼ 0).
If we make the standard slug model approximation, meaning that the
jet is assumed to have a uniform axial velocity [uðrÞ ¼ up for
0  r < R] and the radial velocity is assumed to be zero, then Eqs. (2)
can be drastically simpliﬁed,
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dC
1
¼ u2 ;
dt1D 2 p
dI
¼ qpu2p R2 ;
dt 1D
dE
qp 3 2
uR:
¼
dt 1D
2 p

(3a)
(3b)
(3c)

It was observed that the radial velocity proﬁle as well as the radial
velocity gradient of jets ejected through oriﬁce nozzles (oriﬁce nozzles
consist of a ﬂat plate with a central circular oriﬁce) can be approximated adequately by a linear proﬁle, v ¼ k1 r; @v=@x ¼ k2 r (Krieg
and Mohseni16). Taking this approximation for the radial velocity proﬁle and again assuming a uniform axial velocity proﬁle Eqs. (2)
become

dC
1 
¼ u2 1 þ k2 ;
dt2D 2 p

dI
qp 2 2 
u R 4 þ k2  k2
¼
1 ;
dt 2D
4 p

dE
qp 3 2 
u R 2 þ k2 ;
¼
dt 2D
4 p

(4a)
(4b)
(4c)

where k1 and k2 are the radial slopes normalized by the piston velocity
and nozzle radius, k1 ¼ k1 R=up ; k2 ¼ k2 R2 =up .
Next the bulk jet quantities, C, I, and E, will be equated to properties of stable vortex rings to allow a direct comparison of characteristic
feeding and vortex ring velocities.
The translational velocity of the vortex ring, Utr, was used as the
characteristic vortex ring velocity for the SG criterion; however, the
local velocity anywhere within the toroidal radius will be signiﬁcantly
higher than this propagation velocity, with the exception of extremely
thin core vortex rings. The velocity along the shear layer at the interface between the vortex ring and the driving jet ﬂow, which is at the
vortex bubble shown in Fig. 1, is most directly related to the development of instability in the shear layer. Unfortunately, the boundary of
the forming vortex ring (vortex bubble) is poorly deﬁned, and a location where the vortex ring ends and the shear ﬂow begins is next to
impossible to deﬁne, if it even exists. However, at the time when the
vortex ring separates, the shear layer has moved very close to the axis
of symmetry; therefore, we will deﬁne the characteristic feeding velocity as the axial velocity on the centerline produced by the jet ﬂow
(ignoring roll-up) and deﬁne the characteristic vortex ring velocity as
the velocity on the centerline induced by the developing vortex ring.
When the vortex ring pinches off, as was previously mentioned,
the shear ﬂow will have been driven toward the axis of symmetry and
at some axial location slightly behind the ring origin u ¼ uðr ¼ 0;
x ¼ xc Þ (see Fig. 1), the shear layer will spiral upwards into the forming ring. The instability in the shear layer leading to vorticity cancelation will take place at this location near the axis just behind the
origin. Thus, the velocity at the vortex origin is chosen as the characteristic induced velocity. The velocity proﬁle along the axis of symmetry in the vicinity of a vortex ring can be determined from the Stokes
stream function, W. For any axisymmetric vorticity distribution, with
vorticity conﬁned to the region Ac, the stream function is deﬁned
as37,38
ð
1
Wðr; xÞ ¼
x0 ðr1 þ r2 Þ½KðkÞ  EðkÞ d~
x 0:
(5)
2p Ac
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Here the stream function is evaluated at point ~
x ¼ ½r; 0; xT ;
T
0
0
0
~
x ¼ ½r ; 0; x  is a dummy position specifying the location of integration, x0 is the vorticity at ~
x 0 , K and E are the complete elliptic integrals
of the ﬁrst and second kind, k is the modulus of the elliptic integrals
deﬁned as k ¼ ðr2  r1 Þ=ðr2 þ r1 Þ, and r2 and r1 are distances deﬁned
as r2 ¼ ½ðx  x0 Þ2 þ ðr þ r 0 Þ2 1=2 and r1 ¼ ½ðx  x0 Þ2 þ ðr  r 0 Þ2 1=2 .
The axial velocity ﬁeld is then, by deﬁnition of the stream function,
ð
1 @W
1
x0
ðA þ BÞ;
¼
(6)
uðr; xÞ 
r @r
2p Ac r
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uð0; xÞ ¼

1
2

ð

x0

Ac
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r 02
ðx  x0 Þ2 þ r 02



r  r0 r þ r0
½KðkÞ  EðkÞ ;
þ
A¼
r1
r

 2
@K @E



2
r2
@k @k r1 ð
B¼
r þ r 0 Þ  ðr  r 0 Þ :
r2
r1
r2 þ r1
There is an inﬁnite series representation of the elliptic integrals K and
E, centered about k ¼ 0, which is presented in the following form by
Gradshteyn and Ryzhik:39
(
)

2
 2
ð2n  1Þ!! 2n
p
1
2
1þ
K¼
k þ
þ
k þ
;
(7a)
2
2
2n n!
(
)

2 2n
ð2n  1Þ!!
p
1 2
k
1 k 


:
(7b)
E¼
2
4
2n n!
2n  1
In this equation !! represents the double factorial operator. This is a
convenient expansion when analyzing behavior at the axis of symmetry because at r ¼ 0, the modulus of the elliptic integrals is also zero,
k ¼ 0, which means that the elliptic integrals evaluated at this location
are, Kð0Þ ¼ Eð0Þ ¼ p=2. The form of (7) allows us to exactly calculate
the mth order derivative of the elliptic integrals at the axis of
symmetry
8
0
>
32 if m ¼ “odd”
>
< 2
@mK
ðm  1Þ!!
¼ m!4
(8a)
m 5 if m ¼ “even” ;
@km r¼0 >
>
2m=2 !
:
2
8
>
2 0
32 if m ¼ “odd”
>
<
@mE
ðm  1Þ!!
m!
¼
(8b)
4
m 5 if m ¼ “even” :
@km r¼0 >
>
: m  1 2m=2 !
2
The quantities A and B in (6) are equal to zero at the axis of symmetry
which makes the fractions A/r and B/r undeﬁned. Therefore, by
L’Hopital’s rule,
 
  !
ð
1
@A
@B
0
x
þ
(9)
dx0 dr 0 :
uð0; xÞ ¼
2p Ac
@r r¼0
@r r¼0
The ﬁrst derivative term, @A=@r, is equal to zero when evaluated at
the axis of symmetry. Incorporating (8) the second derivative term can
be shown to be equal to @B=@r ¼ pr 02 =r13 , which means that the
velocity proﬁle along the axis of symmetry induced by the vortex ring
is
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dr 0 dx0 :

(10)

For the point vortex (zero cross sectional area), the velocity proﬁle
becomes very simple
uð0; xÞ ¼

Cc
l2
2 ðx  xc Þ2 þ l 2

3=2

(11a)

and
u ¼ uð0; xc Þ ¼

where

3=2

Cc
:
2l

(11b)

The point vortex (and other thin core vortex rings) has a well-deﬁned
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
toroidal radius,37,38 l ¼ Ic =qpCc , so that an approximation for the
induced velocity can be made in terms of the vortex ring circulation
and impulse
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qpC3c
u ¼
:
(12)
4Ic
There are a few points to be noted about the previous approximations and simpliﬁcations. The jet ﬂow is compared to an equivalent
vortex ring so that the characteristic induced velocity can be calculated
from total jet circulation and impulse, and that vortex was approximated as a point vortex. The forming vortex ring will certainly have a
core with substantial thickness. However, a point vortex ring and thick
cored ring with identical circulation and impulse have nearly identical
axial velocity at the origin, u , but induced velocities vary between the
two moving away from that location. Hence Eq. (12) provides good
accuracy for calculating velocity at the origin of thick cored vortex
rings, as will be shown later in Sec. IV. Furthermore, for thick-cored
vortex rings the velocity along the axis of symmetry remains relatively
constant across the width of the core; therefore, the velocity induced at
the origin will still be very close to the induced velocity at the location
where the shear layer becomes destabilized.
Finally, the characteristic feeding velocity is deﬁned as the maximum possible velocity on the centerline due to the jet ﬂow without
any shear layer roll-up. The forming vortex ring creates a low pressure
zone that helps to draw in the feeding shear layer, so this ﬂow will
become more developed increasing the centerline velocity to accommodate the accelerating ring, until it reaches a critical point where the
centerline velocity can no longer increase without the shear layer
becoming destabilized. In the absence of roll-up, this maximum
achievable velocity is that of a fully developed pipe ﬂow (Poisueille
ﬂow), which has a centerline velocity which is twice the average velocity, giving a characteristic feeding velocity of 2up .
Under this methodology, the characteristic feeding velocity is
directly determined from the driving program, up ðtÞ, and the characteristic vortex ring velocity is determined by the bulk ﬂow quantities,
which are related to the driving programs via (4). This centerline
velocity criterion predicts that pinch-off will occur when the characteristic velocity of the growing ring reaches the feeding velocity
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qpC3c
 2up :
4Ic

(13)
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The SG velocity criterion predicts that pinch-off occurs when the
propagation velocity surpasses the corrected jet velocity,31 which can
be written as
 2
R
up :
(14)
Utr 
l
For the SG criterion the feeding velocity is scaled by the ratio of vortex
ring area to nozzle area in accordance with the conservation of
momentum, and Utr will be determined from the motion of the vortex
centroid. Both criteria suggest that for a given vortex ring conﬁguration, the pinch-off can be delayed by accelerating piston velocity for a
given critical conﬁguration.
In order to calculate the induced velocity, u , at any time for an
arbitrary velocity program, up ðtÞ, and thus use this criterion as a
means to predict pinch-off, k1 and k2 in Eq. (4) must be known. These
parameters can, for the most part, be set according to the geometry of
the nozzle being used. The parameters k1 and k2 which characterize
the amount of converging radial velocity in the jet ﬂow were measured
from DPIV data in Ref. 16 for different nozzle geometries and jet
velocity programs. These parameters can often be treated as a constant
that only changes with nozzle geometry. It was observed that an oriﬁce
nozzle produced a consistent converging radial velocity so that the
parameters could be considered constant, k1  0:41 and
k2  1:05. For the tube nozzle the forming vortex ring induces a
converging radial velocity on the jet ﬂow at the onset which diminishes as the ring develops and moves away from the nozzle. For low
stroke ratio jets, the induced radial velocity at the inlet can have a
signiﬁcant effect, but for large stroke ratios (as is the case for jets
experiencing pinch-off), the induced radial velocity is small when
averaged over the total duration and the radial slope parameters
can be approximated, k1  0 and k2  0:25. These approximate
values will be seen to be fairly representative of the cases examined
here, as summarized in Table II.
The formation number can be predicted from (13) if the circulation and impulse of the forming vortex ring are known. By this methodology we approximate that up until pinch-off the entire jet is part of
the forming vortex ring, so the ring impulse and circulation are equal
to the total impulse and circulation expelled in the jet. If we assume
that the piston velocity is constant, then at any time, t, the total
impulse and circulation are the product of that time and the rates
given in (4). Substituting the total jet values into (13) and setting the
two sides equal to each other, we can solve for the exact time when the
induced velocity, u , surpasses the maximum stable feeding velocity,
2up . Appropriately scaling this time by the nozzle diameter and piston
velocity yields a prediction for formation time
" 
#1=2
8 4 þ k2  k2
1

:
(15)
s ¼ t j2up ¼u ¼
ð1 þ k2 Þ3
Using the approximations for k1 and k2 just listed, Eq. (15) predicts a
formation number of 4.2 for parallel jets and 2.2 for converging jets.
Parallel jets are known to have a formation number close to 4 validating this prediction when using tube nozzles, and a formation number
of 2.2 will be shown to be a reasonable prediction of the formation
number for converging jets with constant velocity.
For jets with more complicated velocity programs, the integrals for
impulse and circulation (4) become more complex so that s cannot be
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expressed as concisely as (15), but the methodology remains the same.
Furthermore, the methodology can also handle jets with any hypothetical velocity proﬁle at the nozzle exit, if that proﬁle is known, by calculating the jet impulse and circulation with the more general (2).
III. EXPERIMENTAL METHODS
To further investigate vortex ring formation dynamics, and to
validate the novel kinematic pinch-off criterion, we created experimental starting jet ﬂows with a highly adaptable vortex ring generator
and measured the ﬂow ﬁeld through DPIV throughout the evolution
of the jet. This section describes the apparatus and experimental
procedures.
A. Vortex generator
The vortex generator used to create the jet ﬂows in this investigation consists of a sealed off canister submerged in a ﬂuid reservoir.
The vortex generator has an internal cavity with an oscillating plunger
to move ﬂuid in or out of the cavity. The jet actuator has the ability to
independently control the jet velocity and nozzle radius during pulsation and can operate at pulsation frequencies from fractions of Hertz
up to, and including, frequencies which result in cavitation. The basic
layout and different nozzle arrangements are illustrated in Fig. 3. Here
we utilize multiple nozzle conﬁgurations which can be separated into
either static or variable diameter nozzles.
There are two basic types of static nozzles that are used in this
study. Jet ﬂows which leave the nozzle with nearly parallel streamlines
(no radial velocity) are created using a tube nozzle, which is a long
tube connected to the end of the cavity. The tube is sufﬁciently long,
>6D, to ensure a 1D ﬂow at the exit prior to ejection. The outside of
the tube is tapered at the exit with an angle, c, as shown in Fig. 3. The
tube nozzle is fabricated with a very small c, very close to 11 .
Converging starting jets are created with an oriﬁce nozzle which is
simply a ﬂat plate with a central circular oriﬁce. The converging internal streamlines persist downstream creating the converging jet ﬂow.
The oriﬁce nozzle is fabricated out of a thin sheet metal, such that the
thickness is less than 5% of the oriﬁce diameter and the edge can be
considered sharp. It should be noted that both the vortex generator
and the nozzles used to generate different jet ﬂow for this study are
identical to the system used in Ref. 16 to validate the modeling in Eqs.
(2)–(4). The vortex generator is also equipped with a variable diameter
nozzle, capable of dynamically changing opening diameter during the
jetting process. The changes in diameter were not signiﬁcant enough
to have a measurable effect on formation number, but we have
included results and analysis of these trials in the Appendix for the
interested reader.
B. DPIV testing
The experimental setup for this research is depicted in Fig. 4. This
testing facility consists of a large (2.6 kl) ﬂuid reservoir with visual access
from all directions. An outer steel frame supports the ﬂuid container
and provides central mounting structures for the vortex generator.
The ﬂow visualization apparatus is composed of a high speed
camera and illumination hardware. As depicted in Fig. 4, a 2D cross
section of the ﬂow is illuminated with a laser sheet. The ﬂow is seeded
with reﬂective particles 50 lm in diameter (manufactured by Dantec
Dynamics). The laser sheet is generated by a 1 W 532 nm laser (Aixis
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FIG. 3. Conceptual diagram of the layout of different nozzles used to generate various jet ﬂows for this experimentation (a) and the variable diameter nozzle shown at the limits
of diameter actuation (b).

GAM 1000B) expanded through a cylindrical lens within the tank.
The illuminated cross section of the ﬂow is recorded using a high
speed digital camera. The camera used is a monochrome Phantom
v210.
The experimental trials examined in this investigation are summarized in Table I. Many of the jet ﬂows examined in this study have
a nearly impulsive velocity program. This means that the piston velocity of the jet rapidly accelerates at the onset of ﬂow, and then maintains
a nearly constant piston velocity for the remainder of pulsation. The
jets with constant piston velocity and nozzle diameter (cases 1 and 2 in
Table I) provide a good baseline for validating the pinch-off criteria
for the different nozzle conﬁgurations; however, a complete validation
of the pinch-off criteria requires testing of jets ﬂow with both an accelerating piston velocity (cases 3–5) as well, since the accelerating velocity program has been predicted to increase formation number. For
these trials both parallel and converging jets were created with linearly
accelerating piston velocity and static nozzle radius.
The actual piston velocity programs of cases 1–5 are presented in
Fig. 5. These velocity programs were determined from the recorded
motor encoder data.
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C. DPIV analysis description
The high speed video of the jet ﬂow is analyzed using a commercial software, with DPIV algorithms similar to those described in Refs.
40 and 41 to determine a velocity ﬁeld ~
u ¼ ½v; 0; uT in the illuminated cross section of the jet ﬂow. Frames (1280 800 pixel resolution), were divided into 36 36 pixel interrogation windows (with
50% overlap). Depending on exact nozzle diameter and optical zoom,
the total DPIV velocity ﬁeld domain ranged from 3:83 6:12 diameters to 5:22 8:35 diameters, with the long dimension aligned with
the axis of symmetry, resulting in relative resolutions in the range
10–12 grid points per nozzle diameter. Strict care was taken to ensure
that the laser sheet bisected the ﬂow through the jet axis of symmetry,
so that the ﬁlmed jet ﬂow corresponds to the axisymmetric ﬂow. An
example of the velocity and vorticity ﬁelds determined through this
process is shown in Fig. 6.
Again, the ﬂow is assumed to be axisymmetric with no swirl.
Therefore, the total circulation, hydrodynamic impulse, and kinetic
energy of the control volume can be calculated from the vorticity and
velocity ﬁelds42,43
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be seen as the lowest level isovorticity contour in Fig. 6). It should be
noted that the isovorticity contour corresponding to the threshold, x ,
often includes multiple rings in the trailing wake. Therefore, the leading vortex ring core boundary is determined as the closed isovorticity
contour enclosing the peak vorticity. Deﬁning the core area, Ac, as the
region encompassed by the core boundary, d, the circulation, impulse,
and energy of the leading vortex ring can be determined from the
same integrands as the total quantities with a closed boundary of
integration
ð
x drdx ;
Cc ¼
Ac
ð
Ic ¼ qp xr 2 drdx ;
(17)
Ac
ð
Ec ¼ qp ðu2 þ v2 Þr drdx:
Ac

The center of vorticity of the vortex ring, used to determine
translational velocity for the SG velocity criterion, is not necessarily at
the same location as the peak vorticity value. The deﬁnition of the center of vorticity is given in Refs. 37 and 44 in terms of vorticity integral
quantities. Restricting the integrals to the vortex core area, Ac, allows
the vortex centroid to be determined

FIG. 4. Arrangement of the ﬂow visualization setup.

ð
C¼

ð1 ð1

2

;

x/ r 2 x drdx

Ac

xc ¼ ð

x/ drdx

ð01 ð01

xr 2 drdx;
I ¼ qp
0
0
ð1 ð1
ðu2 þ v2 Þr drdx:
E ¼ qp
0

Ac

l ¼ ð

x drdx;

ð

x/ r 2 drdx

Ac

(16)

0

The axisymmetric formulation implies that the velocity/vorticity ﬁeld
is known for a single half plane extending from the axis of symmetry.
The DPIV analysis determines the velocity ﬁeld for the entire plane
which gives two axisymmetric sections p rad out of phase. In general,
quantities of interest will be calculated for both half planes given by
DPIV analysis and averaged to give a more accurate value. Variation
between the vorticity distributions in the two half-planes is quantiﬁed
with respect to the existence of azimuthal waves in the Appendix, as it
is related to a variable diameter nozzle. Those variations were seen to
be largely negligible.
The boundary of the vortex ring core, d, is determined from the
vorticity ﬁeld as an isovorticity contour at some small threshold value
x ¼ 4  6 s1 , which is above the background noise level (this can

:

(18)

x/ r 2 drdx

Ac

Now the circulation, impulse, and energy of experimentally generated jet ﬂows and characteristics of the leading vortex ring can be
determined from DPIV data, which allows validation of the different
pinch-off criteria.
IV. RESULTS
A. Validating selection of characteristic induced and
feeding velocities
The vortex ring pinch-off criterion/prediction analysis of Sec. II
relies on the approximation of the velocity at the origin of a translating
vortex ring. This section addresses the accuracy of this approximation.
This manuscript recommends using the centerline velocity of the
vortex ring, u ¼ uð0; xc Þ, as the characteristic vortex velocity to
deﬁne a kinematic pinch-off criterion. The methodology asserted that
this induced velocity could be calculated as the centerline velocity of
an equivalent ﬁlament vortex ring, identical circulation and impulse

TABLE I. Summary of experimental trials.

Case
1
2
3
4
5

Description

up (cm/s)

Nozzle type

Nozzle radius (cm)

Re

Constant up ; R
Constant up ; R
Accelerating jet
Accelerating jet
Accelerating jet

7.5
7.4
(5 ! 14.7)
(2.1 ! 8.2)
(4 ! 40)

Tube
Oriﬁce
Tube
Oriﬁce
Tube

0.91
0.93
0.91
0.98
0.91

7879
10 491
11 096
49 771
3266
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FIG. 5. Piston velocity programs for several trials, summarized as cases 1–5 in Table I.

(12). Here we look at the validity of that assumption. Figure 7 shows
the actual centerline velocity of vortex rings created from both converging and parallel jet ﬂows (cases 1 and 2), and the approximated
centerline velocity calculated from (12) using values for ring circulation and impulse determined from DPIV data (17). For both cases, the
stroke ratio is large L=D  7, which corresponds to a more energetic
pinch-off process resulting in larger oscillations in the translational
velocity of the vortex ring.
There are three crucial stages associated with the entire starting
jet pulsation. First, the jet ﬂow is initiated and the shear layer begins to
roll into the leading vortex ring. Next, the vortex ring becomes saturated and the feeding shear layer becomes destabilized. As was mentioned previously, vortex ring pinch-off is not an instantaneous
process, and during this stage the vortex ring is dynamically evolving

into a stable structure but cannot be discerned from the destabilized
shear ﬂow. Finally, the leading vortex ring settles on a stable conﬁguration and propagates downstream.
To help with the induced velocity validation during the middle
transformative stage, we also calculate the ring circulation and impulse
assuming a more heuristic core boundary. The alternative core boundary is approximated as a circle centered on the peak in vorticity with
core radius set to 0.9 times the toroidal radius of the peak vorticity ﬁlament. The value 0.9 corresponds to a maximum mean core radius
observed in the trials. Using this approximate core boundary, we can
calculate the ring circulation and impulse from (17) and induced
velocity from (12) as was done for the isovorticity core boundary. It
should be noted that the deﬁnitions of core boundary here are used
exclusively to validate the induced velocity approximation, and have

FIG. 6. Sample image of the velocity ﬁeld (a) and vorticity ﬁeld (b) determined from the DPIV analysis. The axis of symmetry is shown by the dashed red line running horizontal
through the center and the vertical dashed line marks the nozzle exit plane. This sample ﬂow ﬁeld was generated by a jet ejected from an oriﬁce nozzle with a nozzle radius of
0.93 cm and a piston velocity of 7 cm s1 . This corresponds to experimental case 2, as summarized later in Table I. This ﬁgure has been reproduced with permission from
M. Krieg and K. Mohseni, J. Fluid Mech. 719, 488 (2013). Copyright 2013 Cambridge University Press.
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FIG. 7. Centerline velocity of the vortex ring, u , vs formation time t  . Actual values calculated from PIV velocity data along axis of symmetry and predicted values calculated
from Eq. (12) using measured values of Cc and Ic. The centerline velocity of a ring created from a parallel jet is shown in (a) and values for a ring created from a converging
jet are shown in (b). The formation numbers measured for each of these runs are 4.28 (a) and 2.18 (b), respectively.

no impact on the use of the new pinch-off velocity criterion as a predictive tool. In order to predict the formation number for a given set
of operational parameters, the entire jet is assumed to be in the vortex
ring to calculate induced velocity and pinch-off is predicted when this
velocity surpasses the maximum feeding velocity. As such, we have
also included the induced velocity if the ring impulse and circulation
are calculated from (4) to predict induced velocity. It should be noted
that results on measured formation number in Secs. IV B 1 and IV B 2
require that core boundary be identiﬁed to calculate ring circulation.
In those sections the ring circulation is only measured after it has settled on a stable conﬁguration, so there is no ambiguity in the separation between primary ring and trailing jet, and the isovorticity contour
at level x is used to deﬁne the core boundary.
During the ﬁnal stage when the vortex rings are in a stable conﬁguration, the centerline velocity calculated by (12) is nearly identical
to the actual induced velocity, for both deﬁnitions of core boundary,
despite the signiﬁcant core size of the ﬁnal vortex rings. This conﬁrms
that the thin core approximation does not signiﬁcantly reduce the
accuracy of calculating induced velocity at the origin. During the ﬁrst
phase, the calculated centerline velocity generally under-predicts the
actual velocity. This is due to the fact that the induced velocity is lower
than the feeding velocity while the ring grows, so the centerline velocity is inﬂated by the feeding jet ﬂow. During the dynamic pinch-off
phase, after the shear ﬂow has become destabilized but before the ring
has settled on a ﬁnal conﬁguration, the leading ring cannot be identiﬁed separately from the trailing shear ﬂow, but it is no longer receiving
additional energy/circulation from that trailing ﬂow. Since the boundary identiﬁed by the threshold vorticity isocontour, x , includes a portion of the trailing shear ﬂow that no longer inﬂuences the leading
ring, Eq. (12) predicts a higher centerline velocity than is seen in the
evolving ring. Alternatively, if the core boundary is just assumed to be
a circle of appropriate mean core radius around the peak in vorticity,
then the induced centerline velocity again becomes a reasonable
approximation of the actual centerline velocity, although slightly
under-predicted, again conﬁrming the accuracy of the induced velocity
approximation throughout the jetting process. It should be noted that
the u model predicts an accurate centerline velocity when the shear
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layer ﬁrst begins to become destabilized, and the model goes from
under-predicting to over-predicting at the exact formation time associated with pinch-off, as will be seen in Sec. IV B 1.
The velocity proﬁle along the axis of symmetry is plotted in Fig.
8 at several characteristic times for experimental case 2 as a representative example. It can be seen here that in the early formation phase
(t  ¼ 1:37) the axial velocity increases smoothly reaching a peak at
the axial location of the leading vortex ring, and no distinction is seen
between the ring and feeding shear ﬂow. As mentioned before, the
actual ring separation from the feeding ﬂow is not an instant action,
but a longer dynamic process, thus it is impossible to identify ﬂow of
the leading vortex ring as independent of the ﬂow of the feeding jet
until a formation time considerably later than the formation number.
At t  ¼ 2:37 just after the induced velocity surpasses the limit of a
fully developed shear layer, u  2up the velocity proﬁle along the axis
of symmetry forms a deﬁcit behind the forming vortex ring as the
trailing shear layer begins to destabilize. The full velocity ﬁeld of the jet
ﬂow at this instant is shown in Fig. 9. The axial component of velocity
is shown by a contour map and the full axisymmetric velocity is
depicted by a vector ﬁeld laid on top. The location of the center of the
leading vortex ring is marked by a solid dot and the isovorticity contour at level x , denoting the boundary of the combined ring and
shear layer, is depicted by the solid red line. It can be seen in this ﬁgure
that the velocity induced by the vortex remains relatively constant
moving radially outward from the central axis, including the region
where the shear layer connects to the vortex ring, validating the use of
u as the characteristic induced velocity. Finally, as shown in Fig. 8, as
the vortex ring begins to settle on a stable conﬁguration, two distinct
peaks can be seen in the velocity proﬁle along the axis corresponding
to the separated vortex ring and trailing shear ﬂow.
B. Validation of pinch-off criteria and formation
number of jet flows
Now that the velocity approximations have been validated, we
will examine the exact formation number of different starting jet ﬂows,
and the validity of the different kinematic pinch-off criteria. Starting
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FIG. 8. Axial velocity along the central axis at multiple characteristic times during
the vortex ring formation process for experimental case 2 (the formation number
measured for this case was 2.18).

with the most simple ﬂow having constant piston velocity, up, and
static nozzle (R ¼ constant). A converging radial velocity signiﬁcantly
decreases the jet formation number, and this is accurately captured by
the centerline velocity criterion used in this paper. After analyzing
these simple constant velocity cases with different nozzle geometries,
an accelerating piston velocity program is investigated exhibiting an
increased formation number over the constant piston velocity jet with
the same nozzle conﬁguration. The new pinch-off criterion is observed
to be valid for the conditions tested here.
1. Constant up, effect of converging radial velocity on
formation number

From a qualitative standpoint, the larger induced and translational velocity of the vortex ring formed by the converging jet45 should
cause a decrease in formation number if the kinematic pinch-off criteria truly corresponds to the vortex ring separation mechanism.
The circulation for a parallel starting jet is plotted with respect to
formation time in Fig. 10(a) (case 1) next to the circulation for a converging starting jet in Fig. 10(b) (case 2). The vortex core boundary
was identiﬁed as described in Sec. III C. The circulation integrated
over this region, after the primary vortex ring had settled, is also
shown for both jet ﬂows. Some time after the jet ﬂow has been terminated the total circulation drops accounting for vorticity cancelation at
the axis of symmetry. This decay is typical of thick vortex rings and
has been reported in Ref. 18, and also the unstable shear layer is compressed toward the axis of symmetry just before separation, as was
described in Sec. II (Fig. 2), adding to the vorticity cancelation. In addition to the cancelation of vorticity, the large trailing wake becomes
unstable with time which can result in bifurcation/blooming of vortex
rings in the wake, making the ﬂow asymmetric about the centerline
and driving the vortex rings in the wake out of the illuminated cross
section. See Ref. 46 for a description of blooming jets.
Figure 10 demonstrates that vortex rings formed from converging starting jets pinch-off at a signiﬁcantly lower formation time. It
can be seen that the formation number for the parallel jet is 4 as
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FIG. 9. Plot of the velocity ﬁeld near the axis of symmetry for experimental case 2
at formation time t  ¼ 2:27. The vector ﬁeld shows the full 2D velocity, while the
magnitude of the axial component of velocity is shown with a contour plot in the
background. The solid red line shows an isovorticity contour equal to x denoting
the combined boundary of the vortex ring and feeding shear ﬂow. The center of vorticity is marked by a solid green dot.

would be expected, but the formation number for the converging jet
drops to 2:3, which is very close to the formation number predicted
by the centerline velocity pinch-off criterion of this paper, 2.1, under
the assumption of constant piston velocity (15). Figure 11 shows the
induced velocity on the centerline, u , deﬁned by (12), as well as the
feeding velocity, 2up , for the two jet ﬂows represented in Fig. 10 (cases
1 and 2). It can be seen here that the induced velocity surpasses the
feeding velocity almost exactly at the formation number for both types
of jet ﬂows, afﬁrming the use of the centerline kinematic criterion for
predicting pinch-off in both parallel and non-parallel starting jets with
constant velocity and radius driving programs.
Figure 12 shows the vortex ring translational velocity, Utr (determined from the motion of the vortex centroid) as a function of formation time as well as the adjusted jet velocity in accordance with the SG
velocity criterion. To determine the adjusted jet velocity, the vortex
ring radius was calculated from DPIV data according to Eq. (18). This
criterion predicts pinch-off at a later formation time than observed,
mostly because the axial velocity at the jet/ring interface is substantially
larger than the propagation velocity. Furthermore, the large ﬂuctuations in both translational velocity and toroidal radius (used to calculate the adjusted jet velocity) result in some ambiguity of predicted
formation number for the converging jet. This is because as the vortex
translational velocity approaches the adjusted jet velocity, it drops
brieﬂy before increasing again and does not distinctly surpass the
adjusted jet velocity until well after pinch-off has occurred.
The ambiguity is more noticeable for the converging jet, as shown in
Fig. 12(b).
It is not exactly clear that the shift in formation number associated with a converging radial velocity is due to a change in the ﬁnal
vortex ring conﬁguration. The drop in formation number seen in
starting jet simulations with fully developed pipe ﬂow at the entrance
boundary (see Ref. 15) is closely related to the deﬁnition of formation
time. As was pointed out by Rosenfeld et al., the rate of circulation
ﬂux across the entrance plane for parallel starting ﬂows is exactly proportional to the centerline velocity, dC=dt ¼ 12 u20 , independent of the
jet axial velocity proﬁle. However, the formation time is scaled by the
piston velocity, which is much less than the centerline velocity for parabolic jet velocity proﬁles, meaning that ﬂows with a parabolic velocity
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FIG. 10. Circulation vs formation time of both the entire jet and the leading vortex ring for typical parallel and non-parallel starting jets. Experimental case 1 is shown in (a) and
case 2 is shown in (b).

FIG. 11. Induced and feeding velocity vs formation time for jets created with tube and oriﬁce nozzles. Formation number for these cases, as determined from ﬁnal circulation
values, is also shown. Experimental case 1 is shown in (a) and case 2 is shown in (b).

FIG. 12. Propagation and adjusted jet velocity vs formation time for jets created with tube and oriﬁce nozzles. Experimental case 1 is shown in (a) and case 2 is shown in (b).

proﬁle will produce a higher vorticity ﬂux for the same volume ﬂux
compared to ﬂows with a uniform velocity proﬁle. Similarly, converging starting jets generate a signiﬁcantly larger vorticity ﬂux than the
parallel starting jet with the same piston velocity, refer to Ref. 16 for
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the exact increase in circulation. As would be expected, these ﬂows
have a formation number, much lower than the trend seen in Ref. 1.
In order to further analyze any change in the ﬁnal vortex ring
conﬁguration from these two cases, we calculate the non-dimensional
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FIG. 13. Non-dimensional energy, a, vs formation time of the total jet and the leading vortex ring for parallel (a) and non-parallel (b) jet ﬂows. Also shown is the theoretical minimum stable non-dimensional energy corresponding to Hill’s spherical vortex ring (maximum thickness). The formation numbers measured for each of these runs are 4.28 (a)
and 2.18 (b), respectively.

energy, a, of both the total jet ﬂow and the separated vortex ring.
Recall that non-dimensional energy is large for thin cored vortex rings
and decreases as the vortex ring becomes fuller, achieving a theoretical
minimum of 0.16 for Hill’s spherical vortex. The non-dimensional
energy of vortex rings generated from parallel and converging starting
jets (cases 1 and 2) is shown in Fig. 13. The energy of the parallel jet vortex ring settles to about a ¼ 0:242. This is slightly lower than the values
found in Ref. 1 for parallel jets, which had a non-dimensional energy on
the order of a ¼ 0:33. The energy of the converging jet vortex ring is
slightly larger a ¼ 0:285, corresponding to a “thinner” vortex ring. This
indicates that the centerline velocity criterion accurately predicts pinchoff without requiring a speciﬁed ﬁnal ring conﬁguration.
So far the dynamics of vortex ring pinch-off have been discussed
in terms of representative examples for each jetting case. The pinch-off
process is a dynamic reorganization of vorticity distribution which
varies from trial to trial, so we plot circulation and velocity graphs for
individual trials. However, for each experimental case, we have conducted multiple trials to examine the consistency of results. Table II is
provided to summarize the formation number, and ﬁnal nondimensional energy of all cases studied here. The table also lists the
number of trials performed for each case and the standard deviation of
the measured parameters. While different trials for each case maintained a given nozzle geometry and velocity program type, for many
cases the value of the piston velocity was allowed to vary to observe
the consistency of ﬁnal ring conﬁguration over a range of jet velocities.
The table also lists the jet radial velocity parameters k1 and k2 , which
are averaged over the jetting duration to demonstrate that these values

are largely dependent on nozzle geometry rather than other jetting
parameters.
As can be seen in Table II, the mean formation number measured for case 1 was 4.16 with a standard deviation of 0.1. The velocity
criterion proposed here predicted a formation number as low as 3.95
in the worst performing trial which is within two standard deviations
of the average. The SG velocity criterion predicted formation number
6.97 which is 28 standard deviations away from the average. Similarly,
for case 2, the centerline velocity criterion predicted formation number
as high as 2.7 which is within two standard deviations for that case,
and the SG criterion predicted a formation number as high as 3.69
which is more than ﬁve standard deviations from the average.
Next we extend our analysis to include more complicated jetting
programs, more speciﬁcally an accelerating piston velocity program,
while using static nozzles.
2. Accelerating piston velocity

It was hypothesized earlier in Sec. II that the formation number
could be increased for a given vortex ring conﬁguration by accelerating
the jet ﬂow to compensate for the quickly accelerating induced velocity; additionally simulations in Ref. 18 show that accelerating the jet
ﬂow is one of the two ways to change the jet formation number. To
investigate this, the vortex generator was ﬁrst driven with a linearly
increasing piston velocity. Figure 14 shows the total jet circulation as
well as the circulation of the primary vortex ring for both parallel and
converging jets with the accelerating velocity programs depicted in

TABLE II. Summary of jet formation number for different driving conditions. The column n deﬁned the number of trials run for each test case.

Case
1
2
3
4
5

Description

Nozzle type

n

up Range

k1

k2

s

a

Constant up ; R
Constant up ; R
Accel jet (linear)
Accel jet (linear)
Accel jet (match)

Tube
Oriﬁce
Tube
Oriﬁce
Tube

4
4
3
2
1

6.5–10.7
4.6–10.8
(5 ! 14.7)
(2.1 ! 8.2)
(4 ! 40)

0.04 6 0.04
0:4160:05
0.00 6 0.03
0:1360:18
0.02

0.24 6 0.13
1.07 6 0.15
0.30 6 0.13
0.88 6 0.03
0.10

4.16 6 0.10
2.22 6 0.28
4.21 6 0.22
3.66 6 0.29
8.19

0.23 6 0.02
0.33 6 0.05
0.24 6 0.03
0.22 6 0.01
0.20
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FIG. 14. Circulation vs formation time for both parallel (a) and converging jets (b) with large stroke ratios and accelerating piston velocities. Exact velocity programs are given
in Fig. 5.

Fig. 5 (cases 3 and 4). It can be seen that the formation number of the
converging jet with linearly accelerating velocity program is 3.8, which
is a drastic increase over the formation number of the jet expelled
through the same nozzle with a constant piston velocity which has a
formation number s  2:3. However, the linearly accelerating velocity
program does not signiﬁcantly increase the formation number of the
parallel jet which is 4.2 for this case. This indicates that the linearly
accelerating piston velocity program is still insufﬁcient to compensate
for the acceleration of the vortex ring itself. This is hardly surprising
because velocity programs similar to the linear acceleration program
were tested in the work of Gharib et al.1 and the formation number

 4:2.
remained in the universal bound 3:6  tFN
But the question remains as to whether or not a more drastic piston velocity acceleration program can compensate for the accelerating
vortex ring and increase the formation number beyond the maximum
value of 4.2. To test this, we operated the vortex generator with a velocity program designed to match the predicted centerline velocity of the
vortex ring as it grows (12), using the tube nozzle. The velocity program for this case is also shown in Fig. 5 (case 5) and can be observed
to have a very drastic acceleration toward the end of pulsation. The
total circulation and vortex ring circulation for this jet are shown in
Fig. 15, demonstrating that the more drastic acceleration substantially
increases the formation number of the jet to 8.2. It should be noted
that this is also very close to the maximum formation number
observed by Dabiri and Gharib20 using a variable diameter nozzle,
which is discussed in more detail in the Appendix.
Figure 16 shows that the centerline velocity criterion still coincides with the jet formation number even for jets with linearly accelerating piston velocity.
The non-dimensional energy of the vortex rings is shown in Figs.
17(a)–17(c), which shows that after pinch-off the vortex ring of the
parallel linearly accelerating jet settles on a conﬁguration with energy
 ¼ 0:218, the ﬁnal energy of the converging linearly accelerating vortex ring is a ¼ 0:227, and the energy of the vortex ring generated with
a matching velocity program is a ¼ 0:198. This means that jets with
accelerating piston velocity are able to create signiﬁcantly “thicker”
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vortex rings than jets expelled with a constant piston velocity. In fact
the vortex ring created by an accelerating jet designed to match the
ring velocity settles on a non-dimensional energy which nearly reaches
the limit of Hill’s spherical vortex corresponding to maximum thickness. It can also be seen in Fig. 17(c) that the feeding jet ﬂow matches
the ring velocity, as designed, for an extended period of the pulsation.
The ring pinches off when the feeding jet can no longer match this
velocity due to physical limitations.
V. DISCUSSION AND CONCLUSION
This study examined the critical point in vortex ring formation,
known as pinch-off, where the ejected shear ﬂow can no longer feed
growth of the forming vortex ring in its current conﬁguration, and it
separates from the trailing shear ﬂow. We suggest that this critical

FIG. 15. Circulation vs formation time for a parallel jet expelled with a piston velocity program designed to match the vortex ring centerline velocity. The exact velocity
proﬁle is given in Fig. 5 (case 5).
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FIG. 16. Feeding and induced velocity of the accelerating jet vs formation time. Experimental case 3 is shown in (a), case 4 is shown in (b), and case 5 is shown in (c).

FIG. 17. Non-dimensional energy, a, vs formation time of the total jet and the leading vortex ring for parallel (a) and (c) and non-parallel (b) jet ﬂows. Also shown is the theoretical minimum stable non-dimensional energy corresponding to Hill’s spherical vortex ring (maximum thickness). The formation numbers measured for each of these cases are
4.43 (a), 3.46 (b), and 8.19 (c), respectively.

conﬁguration can be identiﬁed as the moment when the velocity along
the axis of symmetry induced by the vortex ring surpasses the maximum available feeding velocity at the axis of symmetry. Unlike the
velocity criterion suggested by Shusster and Gharib, this velocity criterion considers both the feeding and vortex ring velocities to be nonuniform and identiﬁes a speciﬁc interface location, which is observed
to correlate better with pinch-off in a wide variety of experimentally
generated jet ﬂows.
This criterion for vortex ring pinch-off can also be used as an
analysis tool to help understand starting jet ﬂows not investigated
here. For example, pinch-off has not been observed for very large
stroke ratio starting jets ejected from rectangular slits,34 which can be
understood in terms of the characteristic induced and feeding velocities. If two jets are ejected with a similar piston velocity, one through a
long slit with some thickness and one through a circular nozzle with
diameter equal to the slit thickness, then the two jets will have a similar
(though not equivalent) centerline velocity. Therefore, the rate of circulation generated in the two jets is on the same order of magnitude.
However, due to the large length of the slit it has a much larger area,
and the rate of impulse added to the jet is signiﬁcantly higher. By Eq.
(12) this will result in a signiﬁcantly lower velocity induced by the
forming vortex ring, thus allowing the shear ﬂow to continue feeding
the growth of the vortex core, or in other words, the asymmetry of the
rectangular oriﬁce allows the jet ﬂow to achieve a much higher feeding
velocity relative to the vortex induced velocity, helping us to explain
why pinch-off has not been observed in these jet ﬂows.
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Using different nozzles, both parallel and converging starting jets
were examined. It is found that converging starting jets had a substantially lower formation number because of the increased rate of circulation created in the converging jet. Ejecting the jet with an accelerating
piston velocity program increased the formation number of both types
of jets. The converging jet formation number increased from s  2 to
s  4 when the velocity program was changed from a nearly impulsive program to a linearly accelerating program and the parallel jet formation number increased from s ¼ 4 to s ¼ 8 for a more drastically
accelerating velocity program. For all cases, the new centerline velocity
criterion coincided very well with vortex ring pinch-off.
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APPENDIX: FORMATION TIME AND FORMATION
NUMBER FOR VARIABLE DIAMETER NOZZLES
1. Formation time
The deﬁnition of formation time becomes ambiguous for jet
ﬂows expelled through variable diameter nozzles, and we need to
deﬁne a characteristic scaling for the case of dynamic nozzles.
Dabiri and Gharib20 suggest
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tDG
¼

ðt

up
d~t ;
0 D

(A1)

as a new deﬁnition for the formation time, which seems a logical
choice but does not necessarily incorporate the dynamics of the
problem. We suggest an alternative deﬁnition
ðt
up d~t

tRMS
¼ 0
;
(A2)
2RRMS
where RRMSÐ is the root mean square of the nozzle radius,
t
RRMS ¼ ½1=t 0 R2 ds1=2 . Both deﬁnitions reduce to the original definition for static nozzles. However, we show here that Eq. (A2)
maintains and inverse proportionality of the formation time with
the ring non-dimensional energy, a. That being said, for jet ﬂows
with variable diameter nozzle in this study, the nozzle diameter program R(t) is a linear function of time, so the two deﬁnitions will
provide a roughly equivalent formation time.
Ideally a universal formation number, s, corresponds to a universal vortex ring conﬁguration (or thickness) for a variety of starting jet driving conditions. Although vortex ring thickness can be
difﬁcult to determine, the conﬁguration can be uniquely identiﬁed
by a parameter known as non-dimensional energy, given a particular vorticity distribution. The non-dimensional energy of the jet is
deﬁned as a ¼ Ec =ðIc1=2 Cc3=2 Þ, as was done in Ref. 1. It can be shown
that the formation time is in fact inversely proportional to the
dimensionless energy of the jet if the piston velocity and nozzle
radius programs are held constant.14 If we assume that the axial
velocity proﬁle is constant and the radial velocity proﬁle is linear,
then the total circulation, impulse, and energy of the jet can be calculated from Eqs. (4) multiplied by the total pulsation time, te.
Inserting these into the deﬁnition of, a, and rearranging terms
results in the relationship
up te Ca
¼
;
D
a

2 þ k2

t ¼

rﬃﬃﬃ
p
Ca ¼
2 4 þ k  k2
2
1

1=2

½1 þ k2 3=2

rﬃﬃﬃ
p
¼
2

(A3)
;
k1 ¼k2 ¼0

meaning that in a very loose generalization a universal formation
number corresponds to a minimum dimensionless energy, a, and a
universal ﬁnal vortex ring thickness. Again, holding the piston
velocity constant but allowing the nozzle diameter to vary during
pulsation, the circulation, impulse, and energy calculated from Eqs.
(4) will be the same as before, except that the terms R2 will be
replaced with R2RMS . Plugging these values back into the deﬁnition
of a results in
up te
Ca
¼ :
2RRMS
a

(A4)

Only the deﬁnition of formation time in (A2) preserves the relationship between formation time, t  , and dimensionless energy, a, for
variable diameter jets with constant piston velocity.
The formation time is equal to the stroke ratio, L/D, at the end
of pulsation, for cylinder piston devices. The deﬁnition of stroke
ratio is not obvious for other types of vortex generators since the
stroke length of the ﬂuid manipulator is not necessarily equal to the
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length of the ﬂuid slug; therefore, we will deﬁne the stroke ratio as
the formation time at the end of pulsation for all cases.
Another time scaling related to starting jet ﬂows and vortex
ring formation was presented in Ref. 18. In this study, the characteristic velocity and length scales used to normalize time are the
translational velocity, Utr, and toroidal radius, l, of the ﬁnal vortex
ring, respectively,

tVR
¼

Utr
t:
2l

(A5)

Part of the difﬁculty in modeling the pinch-off process comes from
the fact that pinch-off is a phenomenon which is dependent on
both the state of the forming, unsteady vortex ring and the state of
the feeding shear ﬂow which is manipulated by the jet driving programs. The deﬁnitions of formation time summarized in Eqs. (1),
(A1), and (A2) are all normalized by velocity and length scales associated with the jet driving parameters. The time scaling of (A5) is
unique since it is scaled by the characteristics of the vortex ring.
Unfortunately, this deﬁnition is less than optimal for experimental
studies, because it requires exact knowledge of the ﬁnal state of the
vortex ring which might not be available in all studies.
2. Variable diameter nozzle
The variable diameter nozzle is very similar in shape to the oriﬁce nozzle. The mechanism is similar to an iris diaphragm/shutter
used in photography, where a set of interwoven leaves can be actuated to increase or decrease the central opening diameter. Although
the opening is not a perfect circle, technically a regular 20 point
polygon (corresponding to the 20 leaves), it will be approximated as
a circular opening. The variable diameter nozzle is constructed out
of thin stainless steel leaves, about 0.5 mm (0.02 in.) in thickness.
The nozzle diameter ranges from 0.64 cm (0.25 in.) to 4.5 cm (1.75
in.), but can only be actuated about 30% of the range in a single pulsation. The mechanism is shown in Fig. 3 at the maximum and
minimum achievable diameters.
The deviation from a perfect circle might possibly lead to an
increase in azimuthal waves previously observed in and modeled
for small core vortex rings,47–49 and these waves are known to affect
the stability of vortex rings, which could in turn affect the pinch-off
dynamics. As was discussed previously, the measured velocity ﬁeld
extends through the axis of symmetry and contains a slice of the
ring on either side of this axis. The existence of azimuthal waves
traveling along the vortex ring would result in the toroidal radius of
the ring being measured differently for one half than the other. To
investigate the presence of these waves, we calculate a wave amplitude ratio, RWA, which is the average difference in the measured
value of toroidal radius over the entire run normalized by the average toroidal radius
ð
1 T
l1  l2 dt
T
;
(A6)
RWA ¼ ð T0
1 l1 þ l2
dt
T 0 2
where l1 is the toroidal radius measured in the plane on one side of
the axis of symmetry, and l2 is the radius measure in the plane on
the other side. The wave amplitude ratio for case 1 (constant jet
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TABLE III. Summary of experimental trials with dynamically changing nozzle diameter.

Case
6
7

Description

up (cm/s)

Nozzle type

Nozzle radius (cm)

Re

Increasing diameter
Decreasing diameter

5.1
3.3

Oriﬁce
Oriﬁce

(0.96 ! 1.38)
(1.23 ! 0.84)

3622
2056

velocity and tube nozzle) is RWA ¼ 0.034, indicating a low presence
of azimuthal waves. This would be expected given the relative thickness of the vortex ring core. For a run with the same driving jet
velocity program, and the variable diameter oriﬁce nozzle set to a
static diameter equal to that of the tube nozzle, the wave amplitude
ratio was measured to be RWA ¼ 0.027, demonstrating that the
shape of the nozzle does not increase the magnitude of azimuthal
waves, and if anything, the more energetic ring is less prone to
instability.
Table III summarizes additional test cases using the variable
diameter nozzle. Case 6 has a linearly increasing nozzle diameter,
and case 7 has a linearly decreasing nozzle diameter. For both of
these cases, the volume ﬂux of the vortex generator was compensated for the expanding or contracting nozzle radius in order to
maintain a nearly constant piston velocity program. The measured
velocity programs are shown in Fig. 18.

FIG. 18. Piston velocity programs for variable diameter test cases 6 and 7 in Table III.

Phys. Fluids 33, 037120 (2021); doi: 10.1063/5.0033719
Published under license by AIP Publishing

3. Results from experimental cases with variable
diameter nozzle and constant piston velocity
Here we would like to take a minute to note the nature of variable diameter nozzles. A jet ﬂow discharging from a variable diameter nozzle will almost inherently contain some component of radial
velocity. The most straightforward way to create a parallel jet ﬂow
with a variable diameter is to create a tube nozzle with the ability to
expand uniformly along its length, which is well out of the range of
our own manufacturing ability. Variable diameter nozzles which
change conical shape dynamically pose an interesting problem since
at some formation times they create a nearly parallel jet ﬂow, and at
other formation times they create a jet ﬂow with signiﬁcant radial
velocity. This makes the effect of increasing/decreasing the radius of
these types of nozzles difﬁcult to determine independently since
they are not functionally similar to any single type of static nozzle
for comparison. The variable diameter nozzle of this investigation is
an iris nozzle which is essentially a ﬂat plate with an adjustable circular oriﬁce in the center. This allows a direct comparison with
static oriﬁce type nozzles to determine the effect of increasing and
decreasing nozzle radius, independent of any other changing
factors.
The vortex generator was operated using the dynamic nozzle
with both a linearly increasing and linearly decreasing nozzle radius
program. The desired and actual nozzle radii for these tests are shown
in Fig. 19, corresponding to cases 6 and 7 in Table I. Figure 19 also
shows the toroidal radius of the leading vortex ring, demonstrating
that an increasing radius nozzle will dynamically increase the vortex
radius, but the most crucial factor controlling the vortex radius is the
initial nozzle radius. For both cases the volume ﬂux program, V
 (t),
was designed to compensate for the variable nozzle diameter and
maintain a constant piston velocity, despite the changing nozzle area.
Since the piston velocity is held constant and the nozzle radius
program is nearly linear, the formation time deﬁned by (A1) and
(A2) are nearly identical, with some negligible variations due to an
inability to guarantee a perfectly linear nozzle radius program. The
total jet circulation and vortex ring circulation of the jets created
with the nozzle radius programs depicted in Fig. 19 (cases 6 and 7)
are plotted in Fig. 20 with respect to formation time as deﬁned
(A2). It can be seen in this ﬁgure that jets created with both increasing and decreasing nozzle radius have a formation number nearly
identical to the constant diameter jet. This result is important
because it demonstrates that changing the radius of the shear tube
with a linear increasing/decreasing program during pulsation will
not affect the formation number of the jet, at least not for the magnitudes tested here (variations of 30%–40% of the initial diameter).
The numerical study performed by Mohseni et al. suggested that an
increase in shear tube diameter with signiﬁcantly larger magnitude
will result in a decreased ﬁnal non-dimensional energy, generally
corresponding to an increased formation number. A direct
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FIG. 19. The desired and actual nozzle radii are shown for increasing and decreasing radius programs. Also shown is the toroidal radius of the resulting vortex rings. Nozzle
radius values for case 6 are plotted in (a) and case 7 in (b).

FIG. 20. Circulation vs formation time, as deﬁned by (A2), for jets created with linearly increasing and decreasing nozzle radii. Experimental case 6 is shown in (a) and case 7
is shown in (b).

FIG. 21. Induced and feeding velocity vs formation time, as deﬁned by (A2), for jets created with expanding and contracting nozzles. Experimental case 6 is shown in (a) and
case 7 is shown in (b).
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FIG. 22. Non-dimensional energy, a, vs formation time, as deﬁned by (A2), for jets created with expanding and contracting nozzles. Experimental case 6 is shown in (a) and
case 7 is shown in (b).

comparison of increased formation number from that study is complicated by the use of formation time deﬁnition (A5) which is
deﬁned by ﬁnal ring scaling.
Experiments performed by Dabiri and Gharib20 suggest that a
converging nozzle radius will increase the formation number of the
jet as high as 8. However, the volume ﬂux program in that investigation was not compensated for the changing nozzle area so the
converging nozzle radius also results in an accelerating jet ﬂow.
Therefore, the observed increase in formation number could just as
likely be due to the acceleration of the feeding velocity, not the
change in nozzle radius. Especially since the increase in formation
number from that study is nearly identical to the increase seen with
piston velocity acceleration here, case 5.
Figure 21 shows that the centerline velocity criterion still coincides with vortex ring pinch-off for starting jets with variable diameter nozzles. We also verify that the ﬁnal ring conﬁguration has not
changed signiﬁcantly from the static oriﬁce nozzle case by plotting
the ﬁnal non-dimensional energy of cases 6 and 7 in Fig. 22. It can
be seen that the decreasing radius jet (whose formation number is
nearly identical to the formation number of the constant radius jet)
has a ﬁnal non-dimensional energy of a ¼ 0:275 which is very close
to the non-dimensional energy of the jet expelled through the constant radius nozzle. Similarly, the energy of the increasing radius jet
is a ¼ 0:279.
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